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Abstract. Live Logic is an integrated approach for support of the learn-
ing and decision making in conditions of uncertainty. The approach covers
both induction of probabilistic logical hypotheses from known examples
and deduction of the plausible solution for an unknown case based on
the inducted hypotheses.

The induction method generalizes empirical data, discovering statis-
tical patterns, expressed in logical language. The deduction method uses
multidimensional ranking to reconcile contradictory patterns exhibited
by a particular case.

The method was applied on clinical data of the patients with prostate
cancer who underwent prostatectomy. The goal was to predict biochemi-
cal failure based on the pre- and post- operative status of the patient. The
patterns found by the method proved to be insightful from the pathol-
ogist’s point of view. Most of them had been confirmed on the control
dataset.

In our experiments, the predictive accuracy of the Live LogicTM was
also higher than that of other tested methods.

1 Introduction

Live LogicTM induction method is developed for learning with inconclusive, in-
consistent, noisy data. We assume, the dataset of known observations represents
only small part of the general population, and the used descriptors are not enough
to distinguish the concepts under study completely. The problem is further com-
plicated by requirement for the decision rule to be transparent for the persons
who supply the data. This is a very common situation for medical problems, for
example.

Traditional approaches building logical rules (such as decision trees [6], Log-
ical analysis of data [13], induction logic programming [7]) build deterministic
rules which do not capture the uncertain nature of the problem.

Currently, there are two major ways expressing uncertainty and building
the decision systems from inconclusive data: fuzzy systems, and rough sets
systems.
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Fuzzy systems build rules which infer fuzzy conclusions from fuzzy premises
[4]. The main source of uncertainty taken into account in the fuzzy approach is
uncertainty of the descriptions of the training data. Yet, in most of applications,
data contain crisp numeric features. Fuzzy systems have to use some external
knowledge to introduce the membership functions artificially.

The classic rough sets classifiers work with decision space granulated by in-
discernibility relationship introduced prior the analysis. In this approach, each
example is considered as a decision rule, which infers its class (decision) from the
conditions [5]. If all examples with indiscernible conditions have the same class,
the rule is considered to be deterministic. Otherwise, the rule is said to describe
a borderline case.

Both traditional approaches tend to produce large amount of rules. The finer
is the granulation of the decision space, the more rules will be produced, and
the smaller is support of each rule, since the size of the available training set
is always limited. It leads to poor predictive ability and poor interpretability
[4]. It can be seen, for example, in the application of the rough sets to predict
metastases in breast cancer patients [18].

Various precision rough sets [19] approach addresses this problem by intro-
ducing probabilistic membership function. The concept of tolerance approxima-
tion spaces (see [11] and [12]) further extends possibilities of inductive learning
by considering similarity relations, more general than indiscernibility relation-
ship. Another way of increasing the power and predictive ability of the decision
rules was introduced in [2] with approximate rules, with relaxed requirement on
conditional probability of the correct decision.

Several other approaches are proposed to find coarse homogeneous granules
in information space based on data itself, to take into account the association
between the values of attributes and the decisions. For example, in the same work
[2] authors propose methods of discretization for attributes with large number
of values. In in [12], some methods for finding similarity relationships in data
are introduced. In all the mentioned works, the coarse granules in information
space are built upon indiscernibility relationship by combining fine homogeneous
granules.

In this paper, we propose an alternative way to build interpretable and sta-
tistically justified decision rules with uncertain data. We discover information
granules not by combining elementary homogeneous granules but by eliminating
external parts of heterogeneous multidimensional blocks in attribute space, until
the necessary homogeneity will be achieved.

Live LogicTM builds all the most general rules, sufficiently supported by
data. The approach allows us to work with continuous attributes, without prior
discretization or finding similarity relationship on each variable.

To make the decisions for new instances using these uncertain rules, we
propose a novel deduction procedure, which involves preliminary classification
of instances by all the rules and multidimensional ranking of these decision
vectors.
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2 Induction Method

2.1 Definitions

The induction procedure finds maximal sufficiently homogeneous granules in the
feature space as patterns. The theoretical aspects of the proposed induction
method are investigated in [10].

The procedure works with data in the form [X, Y ], where X = {xi,j}, i =
1, . . . , m, j = 1, . . . , n is matrix with description of n observations (cases) by m
features; Y = {y1, . . . , yn} is a binary outcome vector, assigning a class to each
observation. For j ∈ [1, n], if yj = c, (c ∈ {1, 2}), we say that the j-th observation
xj belongs to the class c. Denote C1, C2 all the observations from the classes 1,
2, respectively.

The dataset may have features of various types, such as continuous, nominal
or ordinal. For a feature pi, i ∈ [1, m], denote [αi, βi] its range in the dataset.

The procedure induces rules of the type:

“MostLikely”I(p1, a1, b1)& . . . &I(pm, am, bm) ⇒ (y = c), (1)

where, for every i ∈ {1, . . . , m}, pi is a feature, ai, bi are arbitrary numbers,
I(pi, ai, bi) is an interval predicate of the form ai ≤ pi ≤ bi, y is the class
variable.

If both ai = αi, bi = βi, the predicate I(pi, ai, bi) is true for all possible values
of the variable pi, and it is called trivial . The premises in the rule above will
be called clause. The set X(B) of the observations satisfying the clause B is
called block of the clause B.

We assume, each feature has its own admissible set of interval predicates.
Consider a case of “oriented” [16] feature, which naturally correlates with out-
come. For example, the condition “degree of cancer” correlates with the “prog-
nosis”. Then an interpretable rule may associate “small” or “large” values of the
feature with the decision, not“middle”values. For such a feature, only predicates

I(pi, αi, c) = (p ≤ c), I(pi, c, βi) = (p ≥ c),

including ends of the domain are pragmatically justified and admissible.
For a nominal feature, the only meaningful non-trivial predicates are equali-

ties
I(p, c, c) = (p = c).

The trivial interval is admissible for each feature.
Also, we may want to restrict the number of the nontrivial predicates in

the clauses, because complex patterns are often difficult to understand and use.
Denote B(k) all clauses with not more than k non-trivial admissible statements.

Suppose, B is a clause in B(k), where all predicates are admissible. Clause
B is a (h, g)-interesting in B(k) for the class C, if it satisfies the next two
requirements:
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1. The block X(B) is h-homogeneous: The proportion of the cases of the
class C, among all the cases X(B) is above the threshold h:

‖X(B)
⋂

C‖
‖X(B)‖ ≥ h.

2. The block X(B) is g-representative : The proportion of the all cases of
the class C in X , which belong to X(B), is above the threshold g:

‖X(B)
⋂

C‖
‖C‖ ≥ g.

The requirements on the interesting clause interpret the quantifier “most
likely” in (1).

The goal of the induction step of the Live LogicTM is to find all (h, g)-patterns
for given values h, g.

One may notice here that the concept of h-homogeneous block may be in-
terpreted as an approximate rule from [2]. However, here it is only auxiliary
concept, used to define (h, g)-interesting rules. Unlike approximate rules, the
rules we build here are required to be not only sufficiently consistent, but also
representative, describe enough of known examples.

An (h, g)-interesting clause for the class C is a (h, g)-pattern for the class
C, if it is the most general among (h, g)-interesting clauses. If an observation
satisfies the conditions of the pattern we will say that it exhibits the pattern.

One can notice the parallel and difference between Live LogicTM and associa-
tion rules method (see [1] and[3]), since the definition of interesting clause closely
resemble requirements on support and confidence of the interesting association
rules.

The most important difference between Live LogicTM and association rules
method, in our view, is that the goal of learning step in our method is patterns,
which are the most general among interesting rules, not all interesting rules.
The most general, representative rules are the most robust ones, because they are
supported by maximum number of cases; and they are the most parsimonious and
understandable, since they do not contain excessive conditions and unnecessary
terms.

The discovered patterns describe the maximal sufficiently homogeneous gran-
ules in the feature space, which can be used to classify new instances.

2.2 The Block Algorithm

The algorithm, mostly, follows one presented in [8] and [9].
Since we have descriptions of only n cases, every feature has not more than n

different values in the dataset. Therefore, it is sufficient to search patterns only
among blocks with limits ai, bi in their interval statements taken among actual
values of the feature in the dataset. We further decrease the search space by
considering only clauses form B(k) with admissible interval statements for each
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feature. The algorithm uses “smart” search among all admissible clauses to find
the patterns.

First, describe the convenient way of coding clauses. We code the interval
statement a ≤ pj ≤ b by the pair 〈Lj(a), Rj(b)〉, where Lj(t), Rj(t) are the num-
bers of the values of the feature j, which are less and higher than t, respectively.
Notice that the trivial interval statement for any feature will be coded by the
pair 〈0, 0〉. A block B = I1& . . . &Im is coded by the sequence 〈d1, . . . , d2m〉,
where d2i−1, d2i is a pair, coding i-th interval statement Ii.

Let us define the order on the set of all clauses. For clauses B1 = 〈d1, . . .,
d2m〉, B2 = 〈q1, . . . q2m〉, B1 ≺ B2 if there exists i such that dj = qj for all j < i
and qi > di. The first clause in this order is the clause with all trivial intervals.

For a clause B, denote Nxt(B, k) the very next after B clause in B(k) in
the order ≺; NxtOut(B, k) the very next after B block in B(k) in the order ≺
which is not included in B.

The current clause in the algorithm is denoted by W . The algorithm starts
search with the trivial clause W = 〈0, . . . , 0〉. Let the set M be the current set
of found patterns, empty at the start of the algorithm. The parameters h, g, k
from the definition of a pattern and class C are selected upfront.

Let R(B, g) denote the condition that the clause B is g-representative, H(B, h)
the condition that the clause B is h-homogeneous. By definition, a pattern is the
most general clause B ∈ B(k) satisfying the conditions R(B, g)&H(B, h). Then
the algorithm [8] may be presented the next way:

– Case 1: If R(W, g) is not true, W := NxtOut(W, k),
– Case 2: If R(W, g) and H(W, h) are true,

1. if M does not contain any clause C : C ⇒ W , then M := M∪{W};
2. W := NxtOut(W, k);

– Case 3: If R(W, g) is true, but H(W, h) is false, W := Nxt(W, k).

In the first case, the current clause is not a pattern, and there are no patterns
among the clauses, less general than the current one. Therefore, we skip all less
general clauses in the order and find the next one not included in W .

In the second case, the current clause is a pattern, if it is not less general
than any pattern in the set M . In this case, we put it in the set of the patterns
M . Since no clause less general than the current one can be a pattern, we skip
all next less general clauses in the order ≺.

In the third case, the clause is not a pattern. But some less general clause
may be a pattern. Therefore, we proceed to test the very next clause in the order
≺.

The algorithm repeats this conditional operator in a loop until the procedure
Nxt(W, k) or NxtOut(W, k) required on the current step is impossible.

The paper [8] contains proof that the algorithm above finds all patterns for
the given class.

The algorithm avoids looking over many possible clauses because, when the
current clause is not representative or is a pattern, we skip the less general clause,
following in the order. The order is designed to maximize this advantage.
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3 Deduction and Decision Making Apparatus

3.1 Decision Vectors

Below we assume that the dataset has only two classes. By definition, patterns
for a certain class describe mostly cases of this class. A pattern of a class C may
be considered as a classifier: if the case exhibits the pattern, it is classified as a
case of the class C. If the case does not exhibit the pattern, the classifier does
not give any answer.

If each observation exhibits patterns of only one class, the final conclusion is
obvious. Most of time, this is not the case. Therefore, we need a reconciliation
procedure.

Suppose, we discovered k1 patterns of the first class, and k2 patterns of the
second class. Then each case may be coded by a decision vector r of the length
k1 + k2, using the next procedure:

– if the case exhibits the pattern i of the first class, ri = 1, otherwise ri = 0;
– if the case exhibits the pattern j of the second class, rk1+j = −1, otherwise

rk1+j = 0.

As result of this procedure, we will have dataset R with binary features,
where each entry is a decision vector for an instance in the dataset X .

3.2 Multidimensional U-Scoring

Having decision vectors, one now needs to compare evidence provided for each
instance to belong to one class over the other. Thus, some scoring method and
threshold needs to be chosen.

A traditional approach is voting: a score assigned to a vector with values 1, -1
and 0 is the sum of its values. This approach may be generalized as a “weighted
voting” system, where the score is a weighted sum of the classifiers’ values. The
weights need to take into account mutual correlation of the features and their
relative importance for the decision process.

To overcome the need for subjective weights, we use a multidimensional U-
score (mU-score) proposed by K. Wittkowski [15]. The dataset R meets the
requirement for mU-scoring: each classifier is “oriented” (positively correlated
with the outcome). The mU-scores of decision vectors are built upon a partial
order [14] on them. In this order, instances classified by different classifiers are
deemed incomparable. The order is defined as follows: for any two vectors r1, r2 ∈
R, r1 < r2 iff for every coordinate i, r1i ≤ r2i and r1 
= r2.

Then, for each d ∈ R

mUScore(d) =
∑

r∈R

I(d > r) −
∑

r∈R

I(r > d),

where I(a) equals 1, if a is true and is equal 0 otherwise. In another words, the
score of the decision vector d is number of vectors in R which are smaller that d
minus number of vectors which are larger than d in the described partial order.
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The proper threshold for the separation of the classes by the mU-score may
be found by optimization of a chosen criterion for sensitivity and specificity of
classification.

4 Application of the Method

The method was applied on a dataset from Baylor College of Medicine of the pa-
tients with prostate cancer after prostatectomy. The patients were characterized
by 15 clinical features. For each patient, either his known time of the biochem-
ical failure or the last observation is present in the data. The goal was to learn
to predict biochemical failure within 5 years after the surgery. For this purpose,
only the patients with known time of failure and patients with observations after
5 years were selected. The dataset consists of two parts, separated by historical
reasons: one part includes 171 cases, out of them 35 are failures. The second
dataset contains 282 cases, with 52 failures. Thus, in each dataset, only about
20% of cases belong to the first class. Traditional machine learning methods
designed to maximize accuracy of the decision (as SVM, for example) produce
the rule, which classifies all or almost all cases as low risk, which is not accept-
able. The goal was to develop a decision rule, having high min(sensitivity,
specificity), because both sensitivity and specificity are important in this case.

The induction step of the Live LogicTM had its own control. First, each pat-
tern, obtained on one dataset, was tested on another dataset. Second, patholo-
gist, specializing in the prostate cancer, analyzed the patterns to evaluate their
consistency with current medical knowledge. Generally, the features were coded
in such a way, that the higher value of the feature, the higher is the risk. The
found patterns, mostly, follow this rule. One exception is the feature“uicc”, which
characterizes the degree of the spread of primary tumor over prostate. The pat-
terns for low and high risk contain conditions for high levels of spread only. The
reason is that for small tumors cancer aggressiveness is difficult to recognize and
the prognosis can not be certain. Below are the examples of the found patterns.

Table 1. Examples of patterns of high and low risk of failure

High Risk Train % Test %
tnm = 5 92 100

gg1 > 3 83 87
tnm > 3
ln =1 92 100
uicc > 4 90 100
tnm > 3
prepsa > 11.4 86.7 88.9
gg1 > 3
tnm > 2

Low Risk Train % Test %
uicc < 4 97.3 86.7
ggtot ≤ 7
tnm ≤ 3
uicc > 4 97.1 83.3
gg1 ≤ 3
tnm ≤ 4
uicc > 4 97.3 86.7
svi = 0
ggtot ≤ 7
tnm ≤ 4
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In the tables above, tnm stands for “TNM stage”, ggtot means “Prostatec-
tomy Gleason Grade”, gg1 means “Prostatectomy Gleason Score 1”, svi means
“Seminal Vesical Invasion”, ln is “Lymph Node Status”, prepsa is “Preoperative
PSA”.

In the next table, we compare sensitivity and specificity of the decision rules
obtained on one set and tested on another set. For comparison we use SVRcTM

method which uses some adjustment of the support vector regression method for
the censored data [17].

Comparing Sensitivity and Specificity of Live LogicTM and SVRcTM

Datasets Sensitivity Specificity
Training Testing LL SVRcTM LL SVRcTM

Set 1 Set 2 0.79 0.5 0.77 0.87
Set 2 Set 2 0.8 0.65 0.66 0.81

As we see from this table, sensitivity of Live LogicTM is consistently higher,
while the specificity is lower than that of SVRcTM . For the practical purposes,
the results of the Live LogicTM are preferable, since low sensitivity means that
large cohort of the high risk patients will not get a necessary treatment. The
results of Live LogicTM are preferable from the min(sensitivity, specificity)
criterion as well.

5 Conclusions

The main contribution of this paper is a general approach to the problem of
learning under uncertainty, where the resulting rules need to be understandable.
The learning and decision making methods for this problem are presented. The
learning method finds all strongest and sufficiently consistent decision rules. The
decision making method is based on multidimensional partial ordering and calcu-
lation of U-score. We demonstrate the advantages of the approach in application
to the problem of prognosis of clinical failure for patients with prostate cancer
after prostatectomy.
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